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protein coordinates from a map the connectivity has to
be based on atom types rather than on interatomic
distances. This program makes the connexions between
atoms on the basis of the atom label and at the same
time assigns for each connexion a code number which
defines the target bond length. Where an atom has
more than one connexion the combination of these
codes defines the target angle. In a similar way atoms
which should be planar are listed and coded. The
program calculates bond lengths and angles and prints
a list of these which should be checked before the
fitting calculations are carried out.

Copies of the Fortran text of this program, which
includes the dimensions which we have used for the
various standard groups, can be obtained from one
of us (N.W.L).

Conclusions

The method of this paper has invariably produced
models for protein structures with acceptable bond
lengths, bond angles, and planarities, and the positions
obtained have fitted all the atomic positions derived
from refinement processes, within the limits prescribed
on the basis of the estimated accuracies of these posi-
tions. The cost of applying the method has been con-
siderably less than that of computing a difference map
or that for the corresponding set of structure factors,
in the case of insulin. Since the starting model need
not obey the constraints accurately, there is no dif-
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ficulty in providing suitable starting coordinates, nor
in obtaining sufficient convergence from them. The
method therefore turns out to be simple to use and
free from characteristics which tend to cause failures.
This is in a great measure due to the possibility of
generating the elements of the observational equations
automatically.

The simplicity, power, economy and reliability of
the method encourage us to recommend it for general
use in protein structure refinement. In combination
with methods such as that of Sayre (1972) for generating
Fourier maps displaying near atomic resolution, it
appears to offer a route to optimally refined models of
proteins which requires less tedious precise human
interpretation of electron density maps than has been
needed up to now.
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The temperature dependence of the integrated X-ray diffracted intensities in sodium metal has been
determined for the 222, 400, 330, 411 and 332 reflexions in the temperature range 148 K to the melting
point of 371 K. In the temperature range 148 K to about 300 K, all the data can be fitted using a
quasi-harmonic approximation for the temperature factor. From room temperature to the melting
point the intensities for all the reflexions were observed to decrease rapidly with temperature, and could
not be fitted either with a quasi-harmonic or fourth-order anharmonic model for the temperature factor.
There is no evidence for anisotropy in the intensities below room temperature, but from 293 K to the
melting point, anisotropy increases rapidly. A qualitative explanation of the high-temperature phen-
omena in terms of a lattice relaxation around the vacancies has been advanced.

Introduction

Anisotropy in the room-temperature X-ray structure
factors of body-centred cubic sodium has been re-
ported recently (Field & Medlin, 1974, hereinafter
referred to as I). In that paper, the integrated intensity
data was analysed, following the formalism of Willis
(1969), in terms of an anharmonic temperature factor
derived from a fourth-order anisotropic expansion of

the single-atom potential function appropriate to the
body-centred cubic structure. No conclusion could be
drawn from the single-temperature experiment about
the contribution of possible isotropic anharmonic
terms to the temperature factor because the isotropic
parameters are strongly correlated with the harmonic
parameters in the least-squares analysis. The experi-
ment discussed in the present paper was carried out to
investigate both the possible contribution of isotropic



316

anharmonic components to the temperature factor and
also the temperature dependence of the anisotropy.

Experimental

An ~0-3 mm diameter cylindrical single crystal of
sodium was grown under paraffin oil in a thin-walled
glass capillary tube by a technique described in I. The
crystal was oriented about a [110] rotation axis and
integrated intensity measurements were made for
reflexions on the zero layer on a Stoe two-circle dif-
fractometer. The graphite-monochromated radiation
used was at the Mo Ka wavelength. The reflexions were
step-scanned in w260 mode. A total of 200 integrated
intensities were measured for 10 independent reflexions
in the temperature range from 148 K to the melting
point of 371 K. These 200 data points were each the
average of two measurements under the same condi-
tions. The lower bound of the temperature range used
was chosen because at lower temperatures the crystal
showed signs of thermal shock, which results in an in-
crease in mosaic spread, and ultimately, disintegration
of the crystal into a polycrystalline sample.

The statistical counting errors were kept as small as
possible consistent with the demands of time and tem-
perature control. Of the total of 400 measurements,
there were 235, 142, 15 and 8 with statistical errors of
0-1%, 1-2%, 2-3% and 3-10% respectively. In
general, the larger errors occurred for higher-order
reflexions and higher temperatures.

The low-temperature apparatus used was standard
Stoe equipment capable of producing crystal tempera-
tures as low as liquid-nitrogen temperature. The
crystal was cooled to the desired temperature by an air
stream which had been passed through heat-exchanging
coils in a dewar of liquid nitrogen. The rate of flow
determined the temperature, which was monitored by a
chromel-alumel thermocouple tip placed in the air
stream about 1 cm in front of the crystal. Gas-flow
control was by an on-off valve, switched from the
thermocouple output, a large pressurized container to
act as a mechanical buffer against surges in gas flow,
and needle valves. The precision of the temperature
control was ~ 1 K. The same apparatus was converted
for use in the temperature range 293 K to 371 K by
using heat-exchanging coils in an oven to provide a
warm-air flow.

Integrated intensities were measured for all sym-
metry-related reflexions for all Ak/ types on the zero
layer up to 422 at 198 K, 293 K and 353 K. At other
temperatures, the intensity of one reflexion for each
hkl type was measured.

Theory

The general expression for the structure factor F(hk!)
for allowed reflexions Ak! for b.c.c. sodium is given by

F(hkl)=2f(hkYe(hkl)
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where f(hk/) represents the atomic scattering factor
and t(kkl) represents the temperature factor.

An expression for the temperature factor taking into
account isotropic and anisotropic anharmonic terms
to fourth order is given by (Willis & Pryor, 1975)

Jfr-sser (2]
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T represents the temperature and «, y,d are coefficients
in the single-atom potential given by

V(uy,uzuz) = Vo+ dor? + yré + (ut +us + ud— 3rf) ,

where
rr=ul+us+u}

and the other symbols have their usual meaning. The
temperature dependence of « is taken into account as

1 I
= - (1+2ysxT) @
%o

to allow for the ‘softening’ of the vibrations at higher
temperature due to thermal expansion. In equation (2),
o, is temperature invariant, y is the Gruneisen param-
eter and y the volume expansion coefficient. In this
paper, the temperature dependence of the other
potential parameters has been ignored. The value of y¢
used throughout was 1-25, taken from Geshko, Kushta
& Mik’halchenko (1968).

Data analysis

The measured integrated intensities were corrected for
Lorentz—polarization, anomalous dispersion and ther-
mal diffuse scattering (TDS) effects. Absorption cor-
rections were negligible for a crystal of sodium at
Mo Ko wavelength. Since sodium is elastically aniso-
tropic, the TDS correction used was the first-order
correction of Rouse & Cooper (1969), which takes into
account such anisotropy. The variation of the elastic
constants with temperature was included in the calcula-
tion. The elastic-constant data used were taken from
Martinson (1969) for the temperature range 148 to
300 K, and from Fritsch, Geipel & Prasetyo (1973) for
the temperature range 300 to 371 K.
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The best value of lattice parameter at 273 K was
taken to be 4:2811 A, interpolated from Feder &
Charbnau (1966). Values of the lattice parameter at
other temperatures were taken from Feder & Charbnau
for temperatures from 273 to 371 K, and were eva-
luated from the above value at 273 K and the expansion
data of Siegel & Quimby (1938) for temperatures from
148 to 273 K.

Values of the free-atom scattering factors f(hk/) were
generated from the nine-parameter-fit tables of Doyle
& Turner (1968) calculated from relativistic Hartree—
Fock wave functions. Explicit account was taken of the
variation of scattering factor with temperature due to
the variation of scattering angle with temperature as
a result of expansion. Further, account was taken of
the lattice parameter variation with temperature in the
expression (1) for temperature factor. These two effects
are normally neglected as being small, but they may
not be negligible if small deviations of the experiment
from the model are being sought. For example, for the
332 reflexion for sodium, the variation over the tem-
perature range of 148 to 371 K of the lattice parameter
a, sin 6/4, f(hkl) and the harmonic part of the tem-
perature factor, Tp,m(hkl), are ~1, ~1, ~1 and ~5%
respectively. It is interesting that the variations in the
last two quantities are in the opposite sense to any
variations expected from changes in the vibration
spectrum with temperature. That is, an increase in
lattice parameter with temperature gives an increase in
SChkl) and Ty, (hKD).

The data were analysed by minimizing the quantity

S=2 ofly,~ 1) (3)

where I,, represents the ith corrected observed inten-
sity and I, represents the ith calculated intensity given
by I.,=KF,;? where K is the scaling factor. The weight-
ing factors w; used in equation (3) were given by w;=
1/0? where o; was the estimated error in the ith inten-
sity. The g, were taken to be 2% of I,, for all reflexions
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Fig. 1. The variation of In [/,;/Kf?] with temperature for the
222, 400, 330, 411 and 332 reflexions. The value of param-
eter R is 0-128.
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where the statistical counting error was ~1%, in
order to account for the error due to the estimated 1 K
uncertainty in temperature. The figure of 2 % was about
the average standard error of the mean of the inten-
sities of symmetry-related reflexions at those tem-
peratures (198, 293 and 353 K) where symmetry-related
reflexions were measured. Where the statistical count-
ing error was greater than 2% of I, , the o; were taken
to be the statistical errors.

Of the 200 averaged measured intensities, 108 were
retained in the analysis. Sodium exhibits heavy extinc-
tion in the lower-order reflexions; indeed, room-tem-
perature annealing may be observed over a few hours,
and we have not been able to use any mathematical
procedure to correct the measured intensities for ex-
tinction. Those measurements for lower-order reflex-
ions which could not be fitted, owing to extinction,
with the rest of the data were discarded. The highest-
order reflexion measured, 422, was excluded also from
the final analysis. The integrated intensities were con-
sistently too low at all temperatures for 422 to be fitted
with the rest of the reflexions. We have taken this to be
due to a multiple-reflexion effect. A computation of the
position of every other reciprocal-lattice point with
respect to the Ewald sphere with 422 in the reflecting
position for a b.c.c. crystal rotating about a [110] axis
has shown that two 330-type and two 211-type recipro-
cal lattice points are exactly and simultaneously on the
Ewald sphere with the 422 point. The reflexions
retained in the final analysis for the whole temperature
range were 222, 400, 330, 411 and 332, with one
measurement of 220 averaged over all the symmetry-
related reflexions at 198 K.

2

Results

A plot of In [I,/Kf?] versus T is shown in Fig. 1. A
feature of the data is the very rapid decrease with tem-
perature of the intensities of all the reflexions between
room temperature and the melting point. It has not
been possible to fit this high-temperature data, con-
sidered separately or with the rest of the data, with any
anharmonic model. All fits referred to below were made
using only those intensities measured at up to 310 K.

The solid lines shown in Fig. 1 represent plots of
In [I./Kf?] versus T where the I, were calculated using
the quasiharmonic model for temperature factor. That
is, the temperature variation of a due to expansion
was taken into account according to equation (2), but
the anharmonic parameters y and ¢ in the temperature-
factor expression (1) were set to zero. An extension to a
fully anharmonic temperature-factor expression in the
fitting procedure did not give values of y or J signi-
ficantly different from zero for this set of data.

The value of R quoted in Fig. 1 was calculated as

:Z Colllbi_— ILJ
]

R= ZE (l)llbi
i
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The value of «, obtained from the quasi-harmonic fit
is 0-267 +0-024 eV A~2 referred to 273 K. A Debye
temperature 6, calculated in the usual way from this
result is 140+ 6 K at 273 K. This is in satisfactory
agreement with the room-temperature determination
of 134+ 2 K reported in 1. Other determinations have
been 120+4 K (Dawton, 1937), 154+8 K (Geshko
et al., 1968) and 140 + 1 K (Kumar ,Valvoda & Viswa-
mitra, 1971). The variation of «, §, and the Debye
parameter B with temperature is shown in Fig. 2.

Although we have been unable to describe all the
high-temperature data in terms of the fourth-order
one-atom-potential model for anharmonic temperature
factor, an estimate of anisotropy can be made by
examining the 330411 pair of reflexions which occur
at the same Bragg angle, and on an isotropic model
would be expected to have the same intensity.

Using expression (1) for temperature factor, ignoring
the isotropic anharmonic terms, and the harmonic
term which cancels, we can write

o[ 7], = olEam | =12 () ()

@

Values of é/a* have been determined using equation
(4) from the ratio of intensities of the 330 and 411
reflexions for the temperature range from 293 to 363 K.
Results are plotted in Fig. 3, together with estimated
errors. The sign of &/a* is positive as found in the room
temperature study (I) but the value at 293 K of 6-8
is about half that of 152 eV~3 A* found in the
original study. On the fourth-order single-atom-
potential model used here the interpretation of positive
d/a*, contrary to that given in I, is that there is greater
probability that the atom will vibrate towards its nearest
neighbours in the body-diagonal directions and less
that it will vibrate towards its next-nearest neighbours
in the cube-axis directions. This is unexpected since
core repulsion between atoms might be expected to
cause the atoms to vibrate preferentially toward their
next nearest neighbours. Positive §/a* values have been
found in another crystal recently, SrF,, by Mair,
Barnea, Cooper & Rouse (1974). However, SrF, is
highly ionic and Mair et al., consider the arisotropic
effect to be due to Coulombic forces between nearest
neighbours.

Comparison with theory

Willis (1969) used experimental data on the tempera-
ture dependence of diffracted intensities from potas-
sium chloride and an harmonic temperature-factor
model derived from lattice-dynamical calculations to
estimate the contribution of the anharmonic parameter
y to the data. The same procedure has been used
recently by Pathak & Pandya (1975) for potassium
iodide and rubidium iodide.

In the case of sodium, calculations for the depen-
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dence of the integrated intensities on temperature,
based on harmonic lattice-dynamical calculations, have
been given over several years by members of a group
at the University of Allahabad, India (e.g. Prakash,
Pathak & Hemkar, 1975; Sangal & Sharma, 1971;
Singh & Sharma, 1971; Singh & Sharma, 1969). Their
results vary somewhat depending on the model chosen
for the calculation. The most recent result of Prakash
et al. corresponds to a value for a, of 0-80 eV A~2

A calculation of (u?), the mean-square atomic
displacement, based on an Einstein approximation,
has been given recently by Dobrzynski & Masri (1972).
The value for «, derived from their calculation is
0-58 eV A-2.
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Fig. 2. The variation of B, 8p and a with temperature T(K).
The values of « are multiplied by 100.
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Fig. 3. The variation of §/«* with temperature.
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Both these calculated values for «, are much larger
than the experimental value of 0-267 eV A~2 and the
values of y required to fit the data using the calculated
values for ¢, are of too great magnitude to be reason-
able.

Discussion

The temperature dependence of the integrated inten-
sities in sodium may be described adequately in terms
of a quasi-harmonic model for the temperature factor
in the temperature range 148 K to about room tem-
perature. .

The rapid decrease in the integrated intensities from
room temperature to the melting point, and the anis-
otropy observed, cannot be described by the simple
anharmonic model for temperature factor used here.
It is interesting that these effects occur in the same
temperature range in which defects become important.
Feder & Charbnau (1966) measured the length and
lattice-parameter expansion of sodium with tem-
perature. The two curves begin to diverge at ~300 K
and reach a relative difference of ~4% at the melting
point. Feder et al. show that sodium has a high net
vacancy concentration of 7:5x 10~* and a very low
vacancy migration energy of 0-03 +0-03 eV at the melt-
ing point, which indicates a very rapid vacancy
migration at temperatures near the melting point.
They conclude that the best description of their results
is in terms of a relaxation of the lattice in the region
surrounding the vacancy, based on the model of Nach-
triecb & Handler (1954). Recently Torrens & Gerl
(1969) have carried out a computer-simulation in-
vestigation of diffusion mechanisms in the alkali
metals. They conclude that it is necessary to consider
in their calculation at least five shells of atoms in the
relaxation area around the vacancy, and that the
relaxation is strongly anisotropic, being greatest in the
{111} directions, with nearest-neighbour displace-
ments being about 8 %, i.e. about 0-3 A.

This relaxation model for a region around a vacancy
coupled with a high vacancy concentration and
mobility, could account qualitatively for the observed
behaviour of the integrated intensities in sodium. The
relaxation process would distort the average single-
atom potential considerably as the vacancy concentra-
tion increased, which may account for the rapid de-
crease in intensity of all reflexions with temperature,
and the strong anisotropy of the relaxation and recov-
ery as the vacancy passed through a section of the
lattice may account for the observed ansiotropy in the
intensity with an apparent greater probability of
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motion in the body-diagonal directions. Both these
effects would depend on the vacancy concentration,
which is exponential, rather than on an integral power
of the temperature. This may explain the rapidity of
the variation of the effects with temperature.

We note here also that Jackson, Powell & Dolling
(1975) have used experimental phonon frequency
distributions for the b.c.c. elements molybdenum and
niobium to show that there are correlations of motions
of atoms in the lattice which increase with temperature
and which are greatest in the {111) directions.

This work was supported in part by the Australian
Research Grants Committee.
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